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T H E R M A L  R E G I M E  OF B I C O M P O N E N T  M A T E R I A L S  

A. G. S h i f e l ' b a i n  UDC 536.21 

We have der ived  equations - convenient for  p r ac t i c a l  appl ica t ion  - de s c r i b i ng  the r e g u l a r  
t he rma l  r eg ime  of a plate ,  a sphere ,  and a cy l inder ,  with a f inite value for  the h e a t - t r a n s f e r  
coeff ic ient  when the heat  capac i ty  of the core  is g r e a t e r  than or  equal to the heat  capac i ty  
of the shel l .  

With onset  of a r e g u l a r  t he rma l  r e g i m e ,  the t e m p e r a t u r e  of a body is d e s c r i b e d  by the f i r s t  t e r m  in 
the F o u r i e r  s e r i e s  

T = U e x p ( - - m t ) ,  (1) 

where  U is a function of the coord ina tes  and of the ini t ia l  conditions; the coefficient  m or,  as it is usual ly  
known, the cooling ra t e ,  is a function of the t he rmophys i ca l  and geomet r i c  p a r a m e t e r s  of the sys tem.  

Kondra t ' ev  has  demons t r a t ed  that  for  a t h e r m a l l y  insulated metal  core  the equation which r e l a t e s  the 
cooling ra te  with the s y s t e m  p a r a m e t e r s  can be de r ived  in two ways.  The f i r s t  method is a s soc i a t ed  with 
the de te rmina t ion  of the l ea s t  of the e igenvalues  for  the F o u r i e r  s e r i e s  d e s c r i b i n g  the t e m p e r a t u r e  r eg ime  
of the sys tem,  and it is a more  r igo rous  method, although the equations de r ived  by this  means  cannot always 
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Fig .  1. The d imens ion l e s s  t ime for  the onset  
of the r e g u l a r  t he rma l  r e g i m e  as a function 
of the r e l a t ionsh ip  between the heat  c apac i t i e s  
of the meta l  and the t he rma l  insulation:  1) Tin 

* (1 - x /5) ;  3) Tin Tin. = 0; 2) Tin = Tin = 

be s impl i f ied .  The second method is based  on the d e -  
t e rmina t ion  of the heat  ba lances .  The equations for  
the r e g u l a r  t he r m a l  r e g i m e  of bicomponent  p la tes  and 
sphe re s  when a = ~ were  der ived  in [1-3]. 

We cons ide r  the r e g u l a r  t he r m a l  r e g i m e  of a 
plate ,  a sphere ,  a cy l inder ,  and bodies  of more  com-  
plex shape,  given a finite value for  the h e a t - t r a n s f e r  
coeff ic ient  when the heat  capac i ty  of the co re  is g r e a t e r  
than or  equal to the heat  capaci ty  of the shel l .  The 
equations for  the plate  and the sphere  have been d e -  
r ived  in two ways,  which d e m o n s t r a t e s  that the method 
of heat  ba lances  is suff ic ient ly  accura te ;  the equation 
for  the cy l inder  has been der ived  exc lus ive ly  by the 
second method. 

1. The F i r s t  Method. The Symmet r i c  P la t e .  
We cons ide r  the t e m p e r a t u r e  f ield of a shell  and we 
make provis ion  for  the effect of the me ta l l i c  core  only 
in the boundary  condit ions.  The p a r t i c u l a r  solution 
of the hea t -conduct ion  equation has the fo rm 

T = (A cos ~tx + B sin ~tx) exp (- -  rot), (2) 

where  

m = ~a.  (3) 

The boundary condit ions a r e  the following: when x = 0 
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Fig. 2 Fig. 3 
Fig. 2. A bieomponent plate: 1) metallic core; 2) thermal- insula t ion 
shell; 3) elemental layer  of thermal  insulation; 4) ambient medium. 

Fig. 3. F o r m  factors  for  the sphere and the cylinder as functions of 
$.  the ratio between the outside and the inside radii of the shell: 1) k s, 

$ 
2) kc; 3) kc; 4) k s . 

there  is ideal contact between the heat insulation and the metal; when x = 6 the t r ans fe r  of heat taking place 
at the outside surface  follows Newton's law [4]: 

L O T  x----o = C* OT* 
Ox ~ _ S Ot (4) 

- -  ~, O-~TT [ = aT lx=, (5) 
x = 5  

(let us examine the cooling process;  the tempera ture  of the ambient medium will serve as our coordinate 
origin). Eliminating A and B f rom (2)-(5), we find the equation for the determination of the eigenvalues of 
#: 

tg ~6 _~ I 
C* ~.~ a 

m - -  ~ , ,  = 1 .  ( 6 )  
S 1-- A~_ tg ~6 

Since the regular  regime is governed by the least  root of Eq. (6), the se r ies  expansion of tan#6 in powers 
of #6 and retaining two t e rms  of the expansion (we assume that #6 < 1), after t ransformat ions  we derive the 
equation 

= 1, (7) me* (R ~ + R ~) + mC kR  ~ + R ~ - - k *  e 

where 

8 R ~ ~ 1 

are  the thermal  res i s tances  of the heat insulation and of the heat t r ans fe r  at the external surface; 

1 1 k = k p = - f ;  k * = k p = y  

are the numerical  coefficients which we will re fer  to as fo rm factors .  

The equation for  the determination of the eigenvalues of a sphere are  written in the form 

(9) 

(10) 
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A f t e r  s i m p l i c a t i o n ,  g iven  tha t  g6 < 1, we find Eq.  (7) in which  the t h e r m a l  r e s i s t a n c e s  and the f o r m  f a c t o r s  

a r e  w r i t t e n  as  fo l lows :  

1 
R ~ - R  ~ r 2 - - r t "  R " = R s -  a4ar~ (11) 

--  s -  )~4nrir~ , 

�9 r~ (12)  
le = k s r~ + qr  2 + r~ ' 

k *  = = 
�9 r~ + rir 2 + r~ (13) 

We have  to e v a l u a t e  the  a r e a  of a p p l i c a t i o n  fo r  Eq. (7). F i r s t  of a l l ,  t h i s  equa t ion  is  va l id  only  a f t e r  
the  onse t  of the  r e g u l a r  t h e r m a l  r e g i m e .  It is  p o s s i b l e  to e v a l u a t e  the  t i m e  f o r  the  onse t  of the  r e g u l a r  r e -  
g ime  u n d e r  v a r i o u s  i n i t i a l  cond i t i ons  f r o m  the t h e o r e t i c a l  c u r v e s  of a s y m m e t r i c  p la t e  when ~ = ~ ,  a s  
shown in F ig .  1. M o r e o v e r ,  in the  d e r i v a t i o n  of (7) we a s s u m e d  tha t  /~6 < 1. When a = o~ we find that  t h i s  
cond i t ion  c o r r e s p o n d s  to  C / C *  < 1. F o r  any f in i te  va lue  of c~, the  eond i t tons  C / C *  < 1 a r e  even  m o r e  su f -  
f i c i en t ,  b e c a u s e  the  t h e r m a l  p r o c e s s  is  r e t a r d e d  in t h i s  c a s e ,  which  c o r r e s p o n d s  to the  l e a s t  v a l u e s  of p. 

The a c c u r a c y  of Eq. (7) fo r  a p l a t e  can  be  e v a l u a t e d  by  c o m p a r i n g  it wi th  the  o r i g i n a l  equa t ion  (5). 
When a = ~ t h e s e  equa t ions  a s s u m e  the f o r m :  

~16 tg tx5 = 1, (5") 

mC* R~ + 1 mC R Z =  l. (7*) 
S 3 S 

The va lue  of C / C *  = 1 m c a l c u l a t e d  f r o m  (7*) d i f f e r s  f r o m  the m c a l c u l a t e d  f r o m  (5*) by  1.4%; with  C / C *  
= 0.5, t h i s  d i f f e r e n c e  is  only  0.5%. 

2. The Second Method. The S y m m e t r i c  P l a t e  (Fig .  2). Le t  us  i s o l a t e  an e l e m e n t a l  l a y e r  at  a d i s t a n c e  
x f r o m  the  c o r e .  The h e a t  f low th rough  t h i s  l a y e r  i s  equa l  to the  t o t a l  hea t  f low f r o m  the  coo l ing  c o r e  and 
f r o m  the  t h e r m a l  i n su l a t i on  s i t u a t e d  b e t w e e n  the  c o r e  and the  e l e m e n t a l  l a y e r :  

OT* ('. OT dT (14) 
c* ot - + J cpS = d-V 

0 

Having  d iv ided  the r i g h t -  and l e f t - h a n d  m e m b e r s  of (14) by  ~tS and i n t e g r a t i n g  o v e r  the  e n t i r e  she l l  t h i c k -  
n e s s ,  we d e r i v e  the  equa t ion  

xs o~- ~ , -o[ cpS d~ = - ( r *  - -  To). ( lS )  

0 0 0 

We a s s u m e  tha t  the  r e l a t i o n s h i p  b e t w e e n  the  she l l  t e m p e r a t u r e  and the  c o o r d i n a t e s  r e m a i n s  the  s a m e  as  
in the  s t e a d y - s t a t e  r e g i m e .  Th i s  a s s u m p t i o n  is the  m o r e  va l id ,  the  s m a l l e r  the  hea t  c a p a c i t y  of the  she l l  
r e l a t i v e  to  the  hea t  c a p a c i t y  of the  c o r e :  

"~ (16) T = T * - - ( T * - -  To) ~ - .  

We d e t e r m i n e  T O f r o m  the  equa t ion  fo r  t h e h e a t  f low at the  b o u n d a r y  b e t w e e n  the  t h e r m a l  i n su l a t i on  and the  
a m b i e n t  m e d i u m :  

6 

C* OT* + ~ OT 
0--~ - - ~  coS dx = - -  aToS. (17) 

0 

We d e t e r m i n e  the  t e r m s  con ta in ing  0 T 0 / 0 t  by  d i f f e r e n t i a t i n g  the  r e l a t i o n s h i p  

To R ~ 
T *  - -  R ~ + R ~ '  (18) 

which  is  a r i g o r o u s  e q u a l i t y  only  in the  s t e a d y - s t a t e  r e g i m e  o r  when the she l l  hea t  c a p a c i t y  can  be neg l ec t ed .  
A f t e r  i n t e g r a t i o n  of (15), e o n s i d e r i n g  (16)-(18),  and deno t ing  
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T A B L E  1. Va lues  of U(C/C*)  a s  a F u n c t i o n  of C / C *  fo r  V a r i o u s  
In i t i a l  Shel l  T e m p e r a t u r e s  

u(c/c*) 
C 

c* r - ' *  r~=o %or 1 8 
i n - - l i n  - = . - - - -  

4 1,23 0,37 0,88 
2 1,18 0,56 0,92 
1,5 1,10 0,63 0,93 
1 1,09 0,73 0,95 
0,7 1,07 0,80 0,97 

~-X is the distance form the core. 

U(C/C*) 

*) 
i n - - T i n  

0,5 1.05 
0.3 1.03 
0.2 1.02 
0.i 1,0i 
0,088 1,01 

0,85 ] 0,97 
0,91 0,98 
0,94 0,99 
0,97 0,99 
0.98 1,00 

0T, / 
T* = m, 09) 

we d e r i v e  the  equa t ion  

R ~ R  ~ mc* (R ~ + ~ )  + mC ~k~ ~ + ~ - - k *  ~ + ~ /  = i, (20) 

w h e r e  R X, R a ,  k , a n d  k* a r e  d e t e r m i n e d  f r o m  Eqs .  (8) and (9). Equa t ion  (20) d i f f e r s  f r o m  (7) - d e r i v e d  by  
the f i r s t  me thod  - only  in t e r m s  of the  s econd  o r d e r  of s m a l l n e s s  with r e s p e c t  to  C / C * .  S i m i l a r  equa t ions  
a r e  d e r i v e d  fo r  a s p h e r e  and a c y l i n d e r ,  but  fo r  the s p h e r e  R ~, R ~ ,  k, and k* a r e  d e t e r m i n e d  f r o m  (11)-(13),  

In r2 
r, 1 (21) 

R ~ ;~ . R a ~ , = R c =  ~.2~z ' = R c =  a2~r2z 

k = kc = "  1 r~ r~ (22) 
2 ln '  r2 (r 2 - -  r~) In r, rg - -  r~ ' 

r t rl 

1 r~ r~ (23) 
k* = k  c =  r2 ~-" 2__ 2 " 

2In ~ -  (r 2 - r ~ ) l n  r~ r 2 r, 
r t rt 

whi le  fo r  the  c y l i n d e r  

The c o n s t a n t s  k and k* fo r  the  s p h e r e  and the c y l i n d e r  a r e  shown g r a p h i c a l l y  in F i g .  3. With  an i n c r e a s e  in 
the  s p h e r e  and c y l i n d e r  r a d i i  f o r  a c o n s t a n t  she l l  t h i c k n e s s  the  s p h e r e  and c y l i n d e r  equa t i ons  change  into 

the  equa t ion  fo r  the  p l a t e .  

3. The R e g u l a r  T h e r m a l  R e g i m e  fo r  M a t e r i a l s  of C o m p l e x  Shape.  In c e r t a i n  c a s e s  the  equa t ion  f o r  
the  r e g u l a r  t h e r m a l  r e g i m e  of m a t e r i a l s  of c o m p l e x  shape ,  m a d e  up of a c o r e  in a t h e r m a l - i n s u l a t i o n  she l l ,  
can  be  s e t  up on the  b a s i s  of the  equa t ions  a p p l i c a b l e  to  the  s i m p l e s t  of c o n f i g u r a t i o n s .  Le t  us  c o n s i d e r  the  
s p e c i a l  c a s e  of a c y l i n d e r  which  t e r m i n a t e s  in h e m i s p h e r e s .  Le t  us d iv ide  th i s  c y l i n d e r  into t h r e e  p a r t s :  the  
u p p e r  h e m i s p h e r e ,  the  c y l i n d e r ,  and the l o w e r  h e m i s p h e r e ;  t h e s e  can be  r e g a r d e d  as  a d i a b a t i c a l l y  i s o l a t e d  
p a r t s  of b i c o m p o n e n t  s p h e r e s  and an unbounded c y l i n d e r  (within the  m e t a l  the  l o c a t i o n  of the b o u n d a r y  of 
s e p a r a t i o n  is  qui te  a r b i t r a r y ) .  Let  us  w r i t e  the  equa t ion  of the  r e g u l a r  t h e r m a l  r e g i m e  fo r  e ach  of the p a r t s ,  
b e a r i n g  in mind  tha t  the  c o r r e s p o n d i n g  f o r m  f a c t o r s  r e m a i n  without  change ,  whi l e  the  t h e r m a l  r e s i s t a n c e s  
of the  h e m i s p h e r e s  a r e  ha l f  t h o s e  of the  c o r r e s p o n d i n g  s p h e r e s :  

m,C~Rt + miCiR~ = 1, 

m2C;R~ + rn~C2~; = I, (24) 

m3C*~R 3 + m3C3R*3 = 1. 

R e t a i n i n g  mlC~', m2C ~, and m3C~" , r e s p e c t i v e l y ,  in the  f i r s t  t e r m s ,  s u m m i n g  t h e s e  e qua t i ons ,  and b e a r i n g  in 
mind tha t  m 1 = m 2 = m 3 = m and C~' + C~ + C~' = C*, we ob ta in  

R~ R; R; 1 1 1 (25) 
mC* + mC,  ~ - -  + mC 2 + mC 3 - -  = - - -  + -~- - - .  

If the  u p p e r  and the  l o w e r  h e m i s p h e r e s  a r e  i de n t i c a l ,  Eq. (25) is  s o m e w h a t  s i m p l i f i e d .  In ana logous  f a sh ion  
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Fig. 4. Comparison of the working data for 
the determination of the tempera ture  of the 
thermal ly  insulated metal r e se rvo i r s  as a 
function of time. The solid lines show the 
resul t  of a r igorous solution [5], and the 
points have been plotted according to cM- 
culations with (27). The numera ls  at the 
curves  give the values of C */Co 

we can compile the equation for  the regular  thermal  regime 
of a nonsymmetr ic  plate, as derived by Kondrat 'ev in a more  
complex procedure.  The comparat ive simplicity of these 
cases  is explained by the fact that these configurations are  
easi ly divided into their  component par ts  of the s implest  
shape. In other cases  such as, for  example, a cylinder with 
fiat bottoms, it becomes necessa ry  to take the edge effect 
into consideration. The cor rec t ion  factor  for the edge effect 
can be introduced into the corresponding thermal  res is tance .  

4. Cooling (Heating) Est imates  for Bicomponent Mate- 
r ia ls ,  Based on the Equations for the Regular  Thermal  Re=. 
gime. In actual pract ice,  we frequently find it necessa ry  to 
calculate the t empera tu re  of the metallic heat- insulat ion 
core in connection with p rocesses  of spontaneous cooling o1" 
heating. Since we have assumed that the core t empera tu re  
is independent of the coordinates,  following the onset of the 
regula r  thermal  regime,  the core tempera ture  is given by 

T* = T,:U ( ~ ) exp(--mt), (26) 

whose r ight-hand member  is the f i rs t  t e r m  of the Four ie r  ser ies  descr ibing the tempera ture  regime of the 
system. 

We know the cooling of a core  when the heat capacity of the shell is small in comparison of the heat 
capaci ty of the core  follows the law 

T* = T~: exp (-- mt), (27) 

where m is given f rom the equations for the regula r  thermal  regime.  

Is it impossible to use (27) to est imate the core t empera tu re  even in those cases in which the heat 
capacity of the shell is comparable  to that of the core? It develops that the accuracy  of the calculations de-  
pends in great  measure  on the initial condition; and since we assume that the initial core tempera ture  in 

~k 
all cases  is equal to Tin, and that the t empera tu re  of the ambient medium is equal to zero, the initial con- 
ditions are  represented  by the t empera tu re  of the insulation mater ia l  p r io r  to the onset of cooling. Table 1 
shows the values for U(C/C*)  for a plate when a = ~ for three different initial conditions. 

It follows f rom Table 1 that for  the purpose of tentative tempera ture  calculations the most  favorable 
ease is the one in which the t empera tu re  distribution in the insulation is kept steady pr ior  to the onset of 
cooling. This is also confirmed in Fig. 4 which shows a comparison of the calculation resul ts  for the heat-  
ing of r e s e r v o i r s  for cryogenic liquids, these calculations based on the r igorous solution of (4) and (27). 
However, of greates t  interest  a re  the cases  for  which mathematical  solution of the problem is difficult. 

m 

t 
T* 

Tin 
T 

Tin 
To 
C* 
C 
6 
rl, r2 
c,p, 7~,a 
O~ 

S 

N O T A T I O N  

is the cooling rate; 
Ks the time; 
~s the core temperature ;  
ts the core t empera tu re  p r io r  to the onset of cooling; 
ts the shell temperature ;  
ts the shell t empera tu re  pr ior  to the onset of cooling; 
ts the shell t empera tu re  at the boundary with the ambient medium; 
is the heat capacity of the core; 
ts the heat capacity of the shell; 
is the shell thickness; 
are,  respect ively,  the inside and outside radii  of the shell; 
are  the charac te r i s t i c s  of the thermal  insulation; 
is the hea t - t r ans fe r  coefficient; 
is the a rea  separat ing the metal and the thermal  insulation; 
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R ~, R ~ are,  respec t ive ly ,  the t h e r m a l  r e s i s t a n c e s  of the t he rma l  insulation and of 
the heat t ransfer ;  

R = R k + R~ ;  
R* = kR x + R ~ - R X R ~ / ( R  x +Ha) ;  
k, k* a re  the fo rm fac to rs .  

S u b s c r i p t s  

p denotes the plate; 
s denotes the sphere;  
c denotes the cylinder.  

1. 

2. 
3. 
4. 
5. 
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